
1. Anomalous Hall Conductivity



Hall effect

However, in ferromagnetic metals like Fe, Co, and Ni, the Hall effect is 
anomalous and controlled more by magnetization than by Lorentz forces.

When a conductor carrying longitudinal current was placed 

in a vertical magnetic field, the carrier would be pressed 

against the transverse side of the conductor, which led to 

an observed transverse voltage. This is called the Hall 

effect (HE)
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Anomalous Hall Conductivity (AHC)

 Hall conductivity is enhanced by the magnetization of the host 
material.

 This is due to the spin-dependent scattering of the charged 
carrier.

 This quantity can be described using the Kubo formula as
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Kubo formula for Hall conductivity is given by the current-current correlation function
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For a system with Hamiltonian
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Effective mass theory

𝒗 =
1

ℏ

𝑑

𝑑𝒌
𝐸 −iℏ∇ + 𝑒𝑨Group velocity

Envelope function Ψ 𝒙, 𝑡 =
𝑙
𝑓𝑙 𝑡 𝑊 𝒙 − 𝑹𝑙

iℏ
∂𝑓

∂𝑡
= 𝐸 −iℏ∇ + 𝑒𝑨 𝒙, 𝑡 − 𝑒𝜙 𝒙, 𝑡 𝑓

Effective Hamiltonian 𝐻 = 𝐸 −iℏ∇ + 𝑒𝑨 𝒙, 𝑡 − 𝑒𝜙 𝒙, 𝑡



Wave-packet dynamics in slowly perturbed crystals: Gradient corrections and 
Berry-phase effects
by Sundaram and Niu PRB 59, 14915 (1999)

Expanded the effective mass Hamiltonian around a position 𝒙𝑐

≃ 𝐸 −iℏ𝛁 + 𝑒𝑨 𝒙𝑐 , 𝑡 − 𝑒𝜙 𝒙𝑐 , 𝑡 + 𝒙 − 𝒙𝑐 ⋅ 𝛁𝑐𝛽 𝒙𝑐 , 𝑡

≡ 𝐻𝑐 + 𝒙 − 𝒙𝑐 ⋅ 𝛁𝑐𝛽 𝒙𝑐 , 𝑡

𝐻𝑐 𝒙𝑐 , 𝑡 ቚ𝜓𝒒 𝒙𝑐 , 𝑡 = 𝐸 𝒙𝑐 , 𝒒, 𝑡 ቚ𝜓𝒒 𝒙𝑐 , 𝑡

Define the Bloch state of 𝐻𝑐

ۧȁΨ = න𝑑3𝑞 𝑎(𝒒, 𝑡) ቚ𝜓𝒒 𝒙𝑐 , 𝑡

Expand a wave function as

𝑎 𝒒, 𝑡 ≡ 𝑎 𝒒, 𝑡 exp −𝑖𝛾 𝒒, 𝑡

න𝑑3𝑞 𝑎 𝒒, 𝑡 2 = 1



Then the center of WP is given by

𝒙𝑐 = Ψ ෝ𝒙 Ψ = න𝑑3𝑞 𝑎 𝒒, 𝑡 2
∂𝛾

∂𝒒
+ 𝑢 i

∂
∂𝒒

𝑢

When the wave packet is narrow and is centered around at a point
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The center is

Now let us derive the equation of motion of the wave packet.
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Using
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One can show
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With Berry curvature

ሶ𝒒𝑐 = −
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Likewise
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Further simplification

Defining

ሶ𝒙𝑐 =
𝜕𝐸𝑀
𝑑𝒒𝑐

− ሶ𝒌𝑐 × 𝛀

ሶ𝒌𝑐 = −𝑒𝑬 − 𝑒 ሶ𝒙𝑐 × 𝑩

We derive intuitive equations

𝑩 ≡ 𝛁𝐱c × 𝑨 𝒙𝑐 , 𝒕

𝐄 ≡ 𝛁𝐱c𝜙 𝒙𝑐 , 𝑡 −
𝜕𝑨 𝒙𝑐, 𝑡
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Current and conductance

With slightly simplified notation
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Conductance is
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• The full-potential linearized augmented plane-wave (FLAPW) method was used.

• Generalized gradient approximation (GGA) for the exchange-correlation potential.

• Fully relativistic band calculations were performed using the program package WIEN2K.

• A converged ground state with magnetization in the 001 direction was obtained.

• 20 000 k points were used in the first Brillouin zone.

• After obtaining the self-consistent potential with 20 000 k points, we calculated the Berry curvature 

with several larger sets of k points in order to achieve the convergence.

• The Monkhorst-Park special-point method was used for the BZ integration.

• To go beyond 2x106 points, we adopted a method of adaptive mesh refinement; i.e., when Ω𝑥𝑦
𝑧 (𝑘) is 

large at a certain k point, we construct a finer mesh by adding 26 additional points around it. This 

procedure yields a converged value of 𝜎𝑥𝑦 = 751 cm−1 at zero temperature (using a step function for 

the Fermi-Dirac distribution) and a slightly smaller value of 𝜎𝑥𝑦 = 734 cm−1 at room temperature 

(300 K).

• Our result is in fair agreement with the value 1032 cm−1 extracted from Dheer’s data on iron 

whiskers at room temperature. 

• The slow convergence is caused by the appearance of large contributions of both signs to Ω𝑧 which 

occur in very small regions of k space. 

• Spin-orbit effects are small except when they mix states that are degenerate or nearly degenerate.

• A pair of mixed states contributes negligibly if both are occupied or are unoccupied.

• Therefore, only when the Fermi surface lies in a spin-orbit induced gap is



Let us study the electronic structure of bcc iron guided by the tutorial provided by the

Wannier90 project.

As a first step, we calculate this material neglecting the spin-orbit coupling following the

example 8. Explain which exchange-correlation potential and pseudo-potentials are

used in this example.

Then, follow the tutorial to calculate (1) the solution (electron density) of the Kohn-

Sham equation, (2) Kohn-Sham eigensystems on a uniform k-point mesh, and (3)

change the basis from the plane wave to the maximally localize Wannier functions

(MLWFs).

When using the Wannier interpolation scheme, we can speed up the calculation of the

density of states (DOS). Note that the calculation is time consuming because we must

use very fine mesh in the Brillouine zone (25×25×25) to be able to describe the rather

spiky DOS. Even with that, the calculation will require a few hours; let us wait for the

computer to finish the job. Draw the DOS and show how the measured magnetization

can be reproduced by theory.



In the next step, let us consider the spin-orbit coupling following the example 17.

This is done by using the options “lspinorb” and “noncolin”. It is then become much 

more difficult to obtain the Kohn-Sham eigensystems, so that the option “cg” may not 

be so effective; if problematic, try to choose another solver called “david”. 

Then, compare the band structure of the bcc iron with and without the spin-orbit 

coupling and discuss the difference.



In the final step, let us compute the Berry curvature following the example 18 and plot

the result along a path connecting the symmetry lines. We will reproduce the fig. 2.

There, the anomalous Hall conductivity is calculated by integrating the Berry curvature

in the BZ, but here we just calculate the integrand along symmetry lines to get insight

into its spiky structure because of our limited computational power.

In this step, as well as in the previous steps, carefully read the document for the

“Wannier90 Tutorial” so that you may not loose too much time with careless trials and

errors; the individual calculation requires up to 2 hours and thus about 6-8 hours in total.

Input the calculated value of the Fermi energy into the Fe.win as required by instruction

and don’t forget to switch on the flag “write_spn” in Fe.pw2wan. Recognize that the

Berry curvature is a quantity that can be much more easily calculated with the MLWFs.

Describe how the calculation (equation (2) of the PRL paper) is done in your

QE+Wannier90 simulation; especially specify which band and k-point mesh are used. In

your report, show the y-component of the Berry curvature together with the z-

component.




